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“Classical” (Batch) Machine Learning

Machine 
Learning

Data

Prediction rule New situation

Decision/Action

Assumption
“The future is identical to the past”

The samples are independent 
identically distributed (i.i.d.)

“What has been will be again, what has been done will be done again, there is nothing new under the sun.”



How Online is different from “batch”?

• Batch Learning • Online Learning

Collect Data

Analyze

Act

Act

Get More 
DataAnalyze



When do we need Online Learning?

• Intelligent data collection
• Interactive learning
• Large-scale data analysis
• “Adversarial” game-theoretic settings 

• No assumption on similarity of past and future

there can be no objection 
to the use of data, however 

meagre, as a guide to 
action required before 
more can be collected

(Thompson, 1933)



The Space of Online Learning Problems
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The Space of Online Learning Problems
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Exploration-Exploitation Trade-off
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Exploration-Exploitation Trade-off

Never tried 0/2 6/10

What drug to give to a new patient

When there are more patients to come…

Act

More 
DataAnalyze We are building the dataset for ourselves
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Learning in Adversarial Environments

• Game theoretic setting

• Cannot be treated in batch learning

• Evaluation measure: regret
• Difference in performance compared to the best choice in hindsight (out 

of a limited set)
• E.g. investment revenue vs. the best stock in hindsight

Collect 
Data

Analyze

Act

Act

More 
DataAnalyze



medical records of different patients

subsequent treatments of the same patient

The Space of Online Learning Problems
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Planning

• Even if the immediate outcomes are known, long-term goals 
require planning



The Space of Online Learning Problems

feedbackfull

i.i.d.

adversarial

environmental 
resistance
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Reinforcement LearningOnline Learning

Uncertainty Estimation 
(Exploration)
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bandit

The Space of Online Learning Problems

feedbackfull

i.i.d.

adversarial

environmental 
resistance

contextual
Markov Decision 
Processes (MDP)

stateless

structural complexity

Reinforcement 
Learning

“Classical” batch ML would be here

Evaluation measure: regret

Exploration-Exploitation Trade-off

Planning



Online Learning Setup



The space of online learning problems
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The stateless setting

feedbackfull
i.i.d.

adversarial

environmental 
resistance

bandit

Game protocol:
For 𝑡 = 1,2, … :

1. Pick a row 𝐴௧

2. Suffer the loss ℓ௧,஺೟

3. Observe …

Bandit: ℓ௧,஺೟Full:    
ℓ௧,ଵ

⋮
ℓ௧,௄Generation of ℓ௧,௔

Adversarial: ℓ௧,௔

arbitrary

I.I.D.: ℓ௧,௔ sampled 
i.i.d., such that 
𝔼 ℓ௧,௔ = 𝜇 𝑎

Observations

ℓ௧,௔ ∈ [0,1]



Performance measure
• Regret: 𝑅் = ∑ ℓ௧,஺೟

்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ 
ୟ୪୥୭୰୧୲୦୫

− min
௔

∑ ℓ௧,௔
்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ ୠୣୱ୲
ୟୡ୲୧୭୬ ୧୬ ୦୧୬ୢୱ୧୥୦୲

• Regret of order 𝑇 means no learning
• On average the loss of 𝐴௧ stays at the same distance from the loss of the optimal 

action as the game proceeds

• The aim is to achieve sublinear regret

• Why do we compare to the best fixed action in hindsight and not to the 
best path in hindsight?

• “The best path in hindsight” is an overly strong competitor – we cannot 
guarantee sublinear regret

• Show that the regret relative to the best path in hindsight can be as large as 
௄ିଵ

௄
𝑇

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

time

𝐾
ac

tio
ns

ℓ௧,௔ ∈ [0,1]



Performance measure
• Regret: 𝑅் = ∑ ℓ௧,஺೟

்
௧ୀଵ
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− min
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• Regret of order 𝑇 means no learning
• On average the loss of 𝐴௧ stays at the same distance from the loss of the optimal 

action as the game proceeds

• The aim is to achieve sublinear regret

• Why do we compare to the best fixed action in hindsight and not to the 
best path in hindsight?

• “The best path in hindsight” is an overly strong competitor – we cannot 
guarantee sublinear regret

• Show that the regret relative to the best path in hindsight can be as large as 
௄ିଵ

௄
𝑇

Example: 1 0 1
1 1 0
0 1 1

  ⋯

All entries are 1 except one entry 
selected uniformly at random that is 0.
Loss of the best path: 0
Expected loss of any algorithm: ௄ିଵ

௄
𝑇



Performance measures
• Regret: 𝑅் = ∑ ℓ௧,஺೟

்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ 
ୟ୪୥୭୰୧୲୦୫

− min
௔

∑ ℓ௧,௔
்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ ୠୣୱ୲
ୟୡ୲୧୭୬ ୧୬ ୦୧୬ୢୱ୧୥୦୲

• Expected regret: 𝔼 𝑅் =     𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − 𝔼 min

௔
∑ ℓ௧,௔

்
௧ୀଵ

=⏟
୭ୠ୪୧୴୧୭୳ୱ
ୟୢ୴ୣ୰ୱୟ୰୷

𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
∑ ℓ௧,௔

்
௧ୀଵ

• Oblivious adversary: 
• ℓ௧,௔ is independent of 𝐴ଵ, … , 𝐴௧ିଵ
• The losses can be written down before the game starts

• Adaptive adversary:
• ℓ௧,௔ may depend on 𝐴ଵ, … , 𝐴௧ିଵ

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯
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ℓ௧,௔ ∈ [0,1]



Performance measures
• Pseudo-regret (stochastic setting): 

𝑅ത் = 𝔼 ෍ ℓ௧,஺೟

்

௧ୀଵ

− min
௔

𝔼 ෍ ℓ௧,௔

்

௧ୀଵ

= 𝔼 ෍ ℓ௧,஺೟

்

௧ୀଵ

− 𝑇 min
௔

𝜇(𝑎)

ఓ∗

= 𝔼 ෍(ℓ௧,஺೟
−𝜇∗)

்

௧ୀଵ

= 𝔼 ෍ Δ(𝐴௧)

்

௧ୀଵ

= 𝔼 ෍ Δ 𝑎 𝑁் 𝑎

௄

௔ୀଵ

= ෍ Δ 𝑎 𝔼 𝑁் 𝑎

௄

௔ୀଵ

• 𝔼 ℓ௧,௔ =  𝜇 𝑎

• 𝜇∗ = min
௔

𝜇(𝑎)

• 𝑎∗ ∈ arg min
௔

𝜇(𝑎)

• An optimal arm (may be multiple optimal arms with the same 𝜇∗)

• Δ 𝑎 = 𝜇 𝑎 − 𝜇∗ suboptimality gap

• 𝔼 ℓ௧,஺೟
− 𝜇∗ = 𝔼 𝔼 ℓ௧,஺೟

− 𝜇∗ 𝐴ଵ, … , 𝐴௧ = 𝔼 𝜇 𝐴௧ − 𝜇∗ = 𝔼 Δ 𝐴௧

Regret: 𝑅் = ∑ ℓ௧,஺೟
்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ 
ୟ୪୥୭୰୧୲୦୫

− min
௔

∑ ℓ௧,௔
்
௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ ୠୣୱ୲
ୟୡ୲୧୭୬ ୧୬ ୦୧୬ୢୱ୧୥୦୲

Expected regret: 

𝔼 𝑅் =     𝔼 ෍ ℓ௧,஺೟

்

௧ୀଵ

− 𝔼 min
௔
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௧ୀଵ
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Expected regret vs. Pseudo regret

• Expected regret: 𝔼 𝑅் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − 𝔼 min

௔
∑ ℓ௧,௔

்
௧ୀଵ

• Pseudo-regret: 𝑅ത் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
𝔼 ∑ ℓ௧,௔

்
௧ୀଵ = 𝔼 ∑ ℓ௧,஺೟

்
௧ୀଵ − 𝑇𝜇∗

• 𝔼 min
௔

𝑓 𝑎, 𝐵 ≤ min
௔

𝔼 𝑓 𝑎, 𝐵 ⇒ 𝑅ത் ≤ 𝔼 𝑅்

• Oblivious adversarial setting: 
• ℓ௧,௔ are deterministic and the two notions of regret coincide

• 𝔼 min
௔

∑ ℓ௧,௔
்
௧ୀଵ = min

௔
𝔼 ∑ ℓ௧,௔

்
௧ୀଵ = min

௔
∑ ℓ௧,௔

்
௧ୀଵ
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Expected regret vs. Pseudo regret

• Expected regret: 𝔼 𝑅் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − 𝔼 min

௔
∑ ℓ௧,௔

்
௧ୀଵ

• Pseudo-regret: 𝑅ത் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
𝔼 ∑ ℓ௧,௔

்
௧ୀଵ = 𝔼 ∑ ℓ௧,஺೟

்
௧ୀଵ − 𝑇𝜇∗

• 𝔼 min
௔

𝑓 𝑎, 𝐵 ≤ min
௔

𝔼 𝑓 𝑎, 𝐵 ⇒ 𝑅ത் ≤ 𝔼 𝑅்

• Stochastic setting: imagine that 𝜇(𝑎) =
ଵ

ଶ
for all 𝑎. Then

• 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ =

ଵ

ଶ
𝑇

• 𝔼 ∑ ℓ௧,௔
்
௧ୀଵ =

ଵ

ଶ
𝑇 for all 𝑎

• 𝑅ത் = 0

• 𝔼 min
௔

∑ ℓ௧,௔
்
௧ୀଵ ≈

ଵ

ଶ
𝑇 −

ଵ

ଶ
𝑇 ln 𝐾

• 𝔼 𝑅் ≈
ଵ

ଶ
𝑇 ln 𝐾

• Pseudo-regret is a more reasonable quantity to look at
• Expected regret provides an artificial advantage to the competitor due to their ability to select out of 𝐾 trials
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Online Learning Setup - Summary

• Regret: 𝑅் = ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
∑ ℓ௧,௔

்
௧ୀଵ

• Expected regret: 𝔼 𝑅் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − 𝔼 min

௔
∑ ℓ௧,௔

்
௧ୀଵ

• Pseudo-regret: 𝑅ത் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
𝔼 ∑ ℓ௧,௔

்
௧ୀଵ = 𝔼 ∑ ℓ௧,஺೟

்
௧ୀଵ − 𝑇𝜇∗
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Bandit: ℓ௧,஺೟Full:    
ℓ௧,ଵ

⋮
ℓ௧,௄Generation of ℓ௧,௔

Adversarial: ℓ௧,௔

arbitrary

I.I.D.: ℓ௧,௔ sampled 
i.i.d., such that 
𝔼 ℓ௧,௔ = 𝜇 𝑎

Observations
feedbackfull

i.i.d.

adversarial

environmental 
resistance

bandit



i.i.d. full info
• Algorithm: Follow the Leader (FTL)

• 𝐴௧ = arg min
௔

∑ ℓ௧,௔
௧ିଵ
௦ୀଵ

• (ties resolved arbitrarily)

• 𝑅ത் = 𝑂 ∑
ଵ

୼ ௔௔:୼ ௔ வ଴

• Pseudo-regret upper bound does not grow with time!

• Proof: exercise

feedbackfull
i.i.d.

adversarial

environmental 
resistance

bandit



Stochastic (i.i.d.) bandits

feedbackfull
i.i.d.

adversarial

environmental 
resistance

bandit



𝜀𝑇

Exploration-Exploitation trade-off: a simple 
approach
• Setting: 

• Two actions
• Bandit feedback
• 𝑇 is known
• Δ is known

• Approach:
• Explore for 𝜀𝑇 rounds
• Exploit for the remaining rounds

1 𝑇



Analysis
• Let 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗ be the prob. of confusion

• 𝑅ത் = ∑ Δ(𝐴௧)்
௧ୀଵ =

ଵ

ଶ
𝜀𝑇Δ

୉୶୮୪୭୰ୟ୲୧୭୬

+ 𝛿 𝜀 1 − 𝜀 𝑇Δ
୉୶୮୪୭୧୲ୟ୲୧୭୬

≤
ఌ

ଶ
+ 𝛿 𝜀 𝑇Δ

• 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗

= ℙ Δ − 𝜇ොఌ் 𝑎 − 𝜇ොఌ் 𝑎∗

మ

ഄ೅
∑ (ℓమ೟ష ,ೌିℓమ೟,ೌ∗

ഄ೅/మ
೟సభ )

≥ Δ

≤ 𝑒
ିଶ

ഄ೅

మ

౴

మ

మ

= 𝑒ିఌ்୼మ/ସ

• Minimization of  ఌ
ଶ

+ 𝑒ିఌ்୼మ/ସ with respect to 𝜀 gives 𝜀∗ =
ସ ୪୬ ்୼మ/ଶ

்୼మ ≈
୪୬ ்

்୼మ

• With exploration phase of length 𝜀∗𝑇 ≈
୪୬ ்

୼మ , we get 𝑅ത் ≤
ଶ ୪୬

೅౴మ

మ
ାଵ

୼
= 𝑂

୪୬ ்

୼

1 𝑇𝜀𝑇

Hoeffding’s inequality:

Let 𝑍ଵ, … , 𝑍௡ be i.i.d. within interval of length 𝛽
(𝑍௜ ∈ 𝑐, 𝑐 + 𝛽 ), then

ℙ 𝔼
1

𝑛
෍ 𝑍௜

௡

௜ୀଵ

−
1

𝑛
෍ 𝑍௜

௡

௜ୀଵ

≥ 𝛼 ≤ 𝑒
ିଶ௡

ఈ
ఉ

మ

ℙ
1

𝑛
෍ 𝑍௜

௡

௜ୀଵ

− 𝔼
1

𝑛
෍ 𝑍௜

௡

௜ୀଵ

≥ 𝛼 ≤ 𝑒
ିଶ௡

ఈ
ఉ

మ



Analysis
• Let 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗ be the prob. of confusion

• 𝑅ത் = ∑ Δ(𝐴௧)்
௧ୀଵ =

ଵ

ଶ
𝜀𝑇Δ

୉୶୮୪୭୰ୟ୲୧୭୬

+ 𝛿 𝜀 1 − 𝜀 𝑇Δ
୉୶୮୪୭୧୲ୟ୲୧୭୬

≤
ఌ

ଶ
+ 𝛿 𝜀 𝑇Δ

• 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗

= ℙ Δ − 𝜇ොఌ் 𝑎 − 𝜇ොఌ் 𝑎∗

మ

ഄ೅
∑ (ℓమ೟షభ,ೌିℓమ೟,ೌ∗

ഄ೅/మ
೟సభ )

≥ Δ

≤ 𝑒
ିଶ

ഄ೅

మ

౴

మ

మ

= 𝑒ିఌ்୼మ/ସ

• Minimization of  ఌ
ଶ

+ 𝑒ିఌ்୼మ/ସ with respect to 𝜀 gives 𝜀∗ =
ସ ୪୬ ்୼మ/ଶ

்୼మ ≈
୪୬

்୼మ

• With exploration phase of length 𝜀∗𝑇 ≈
୪୬

୼మ , we get 𝑅ത் ≤
ଶ ୪୬

೅౴మ

మ
ାଵ

୼
= 𝑂

୪୬

୼

1 𝑇𝜀𝑇

Reflection
• Exploration phase required 

to identify 𝑎∗ with sufficient 
confidence (𝛿 𝜀∗ ≈

ଵ

்୼మ) is 
𝜀∗𝑇 ≈

୪୬

୼మ

• Each exploration round 
costs Δ

• 𝑅ത் ≈ Δ
୪୬

୼మ =
୪୬

୼

• Problems with small 𝚫 are 
harder than problems with 
large Δ

• up to a limit, because     
𝑅ത் = 𝑂 max ΔT,

୪୬

୼



Analysis
• Let 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗ be the prob. of confusion

• 𝑅ത் = ∑ Δ(𝐴௧)்
௧ୀଵ =

ଵ

ଶ
𝜀𝑇Δ

୉୶୮୪୭୰ୟ୲୧୭୬

+ 𝛿 𝜀 1 − 𝜀 𝑇Δ
୉୶୮୪୭୧୲ୟ୲୧୭୬

≤
ఌ

ଶ
+ 𝛿 𝜀 𝑇Δ

• 𝛿 𝜀 = ℙ 𝜇ොఌ் 𝑎 ≤ 𝜇ොఌ் 𝑎∗

= ℙ Δ − 𝜇ොఌ் 𝑎 − 𝜇ොఌ் 𝑎∗

మ

ഄ೅
∑ (ℓమ೟ష ,ೌିℓమ೟,ೌ∗

ഄ೅/మ
೟సభ )

≥ Δ

≤ 𝑒
ିଶ

ഄ೅

మ

౴

మ

మ

= 𝑒ିఌ்୼మ/ସ

• Minimization of  ఌ
ଶ

+ 𝑒ିఌ்୼మ/ସ with respect to 𝜀 gives 𝜀∗ =
ସ ୪୬ ்୼మ/ଶ

்୼మ ≈
୪୬ ்

்୼మ

• With exploration phase of length 𝜀∗𝑇 ≈
୪୬ ்

୼మ , we get 𝑅ത் ≤
ଶ ୪୬

೅౴మ

మ
ାଵ

୼
= 𝑂

୪୬ ்

୼

1 𝑇𝜀𝑇

Limitations
• Assumed knowledge of 𝑇
• Assumed knowledge of Δ
• Generalization beyond 

two actions is not 
straightforward



Lower Confidence Bound (LCB) algorithm for losses
(Originally Upper Confidence Bound (UCB) for rewards)
(“Optimism in the face of uncertainty” approach)

• Define 𝐿௧
஼஻ 𝑎 = 𝜇̂௧ିଵ 𝑎 −

ଷ ୪୬ ௧

ଶே೟షభ ௔
lower confidence bound

• (We will show that with high probability 𝐿௧
஼஻ 𝑎 ≤ 𝜇(𝑎) for all 𝑡)

• LCB Algorithm:
• Play each arm once
• For 𝑡 = 𝐾 + 1, 𝐾 + 2, …:

• Play 𝐴௧ = arg min
௔

𝐿௧
஼஻ 𝑎

• Theorem:
𝑅ത் ≤ 6 ෍

ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

+ 1 +
𝜋ଶ

3
෍ Δ(𝑎)

௔

• No knowledge of 𝑇
• No knowledge of Δ
• Works for any 𝐾

Rewards Losses
ℓ௧,௔ = 1 − 𝑟௧,௔

𝑟௧,௔ = 1 − ℓ௧,௔



Lower Confidence Bound (LCB) algorithm for losses
(Originally Upper Confidence Bound (UCB) for rewards)
(“Optimism in the face of uncertainty” approach)

• Define 𝐿௧
஼஻ 𝑎 = 𝜇̂௧ିଵ 𝑎 −

ଷ ୪୬ ௧

ଶே೟షభ ௔
lower confidence bound

• (We will show that with high probability 𝐿௧
஼஻ 𝑎 ≤ 𝜇(𝑎) for all 𝑡)

• LCB Algorithm:
• Play each arm once
• For 𝑡 = 𝐾 + 1, 𝐾 + 2, …:

• Play 𝐴௧ = arg min
௔

𝐿௧
஼஻ 𝑎

• Theorem:
𝑅ത் ≤ 6 ෍

ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

+ 1 +
𝜋ଶ

3
෍ Δ(𝑎)

௔

• Proof:

• 𝑅ത் = ∑ Δ 𝑎 𝔼 𝑁் 𝑎௄
௔ୀଵ

• When can we play 𝑎 ≠ 𝑎∗?

• Bound the expected number of times 

𝐿௧
஼஻ 𝑎 ≤ 𝐿௧

஼஻(𝑎∗)



Proof

• 𝑅ത௧ 𝑎 = ∑ Δ(𝑎)𝔼 𝑁் 𝑎௔

• 𝐿௧
஼஻ 𝑎 = 𝜇ො௧ିଵ 𝑎 −

ଷ ୪୬ ௧

ଶே೟షభ ௔

• Bound the expected number of times 𝐿௧
஼஻ 𝑎 ≤ 𝐿௧

஼஻(𝑎∗)

• The expected number of times 𝐿௧
஼஻ 𝑎 ≤ 𝐿௧

஼஻(𝑎∗) is bounded by 
1. The expected number of times 𝐿௧

஼஻ 𝑎∗ ≥ 𝜇(𝑎∗)

2. Plus expected the number of times 𝐿௧
஼஻ 𝑎 ≤ 𝜇(𝑎∗)

0 1

𝜇(𝑎∗) 𝜇 𝑎𝐿௧
஼஻(𝑎∗) 𝜇̂௧ିଵ(𝑎)𝐿௧

஼஻(a)

Δ(a)

𝜇̂௧ିଵ(𝑎∗)

3 ln 𝑡

2𝑁௧ିଵ 𝑎∗
3 ln 𝑡

2𝑁௧ିଵ 𝑎



Proof continued

1. The expected number of times 𝐿௧
஼஻ 𝑎∗ ≥ 𝜇(𝑎∗) is bounded by

The expected number of times 𝜇ො௧ିଵ 𝑎∗ ≥ 𝜇 𝑎∗ +
ଷ ୪୬ ௧

ଶே೟షభ ௔∗

(                “breaks” – the confidence bound fails)

2. The expected the number of times 𝐿௧
஼஻ 𝑎 ≤ 𝜇(𝑎∗) is bounded by

2.1 The expected number of times 𝜇ො௧ିଵ 𝑎 ≤ 𝜇 𝑎 −
ଷ ୪୬ ௧

ଶே೟షభ ௔

(                 “breaks” – the confidence bound fails)

2.2 Plus the number of times ଷ ୪୬ ௧

ଶே೟షభ ௔
+

ଷ ୪୬ ௧

ଶே೟షభ ௔
=

଺ ୪୬ ௧

ே೟షభ ௔
≥ Δ(𝑎)

(The confidence bound holds, but it is not tight enough)

⇒ 𝑁௧ିଵ 𝑎 ≤
଺ ୪୬ ௧

୼ ௔ మ ≤
଺ ୪୬ ்

୼ ௔ మ

• Mid-summary: 𝔼 𝑁் 𝑎 ≤
଺ ୪୬ ்

୼ ௔ మ + 1 + 𝔼 1. + 𝔼[2.1]

Δ(a)

3 ln 𝑡

2𝑁௧ିଵ 𝑎

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎

𝜇(𝑎∗) 𝜇 𝑎𝐿௧
஼஻(𝑎∗) 𝜇̂௧ିଵ(𝑎)𝐿௧

஼஻(a)𝜇̂௧ିଵ(𝑎∗)

0 1



Proof continued

• 𝔼 𝑁் 𝑎 ≤
଺ ୪୬ ்

୼ ௔ మ + 1 + 𝔼               + 𝔼               

• Let 𝐹(𝑎∗) be the expected number of times 𝜇ො௧ିଵ 𝑎∗ ≥ 𝜇 𝑎∗ +
ଷ ୪୬ ௧

ଶே೟షభ ௔∗

• Bound ℙ 𝜇ො௧ିଵ 𝑎∗ − 𝜇 𝑎∗ ≥
ଷ ୪୬ ௧

ଶே೟షభ ௔∗

• Idea: break dependent events into independent events and take a union bound

• Introduce 𝑋ଵ, … , 𝑋் r.v. with the same distribution as ℓ௧,௔∗

• Let 𝜇̅௦ =
ଵ

௦
∑ 𝑋௜

௦
௜ୀଵ

• ℙ 𝜇ො௧ିଵ 𝑎∗ − 𝜇 𝑎∗ ≥
ଷ ୪୬ ௧

ଶே೟షభ ௔∗ ≤ ℙ ∃𝑠 ∈ {1, … , 𝑡}: 𝜇̅௦ − 𝜇 𝑎∗ ≥
୪୬ య

ଶ௦

≤⏟
୳୬୧୭୬

∑ ℙ 𝜇̅௦ − 𝜇 𝑎∗ ≥
୪୬ ௧య

ଶ௦
௧
௦ୀଵ

≤⏟
ୌ୭ୣ୤୤ୢ୧୬୥

∑
ଵ

௧య
௧
௦ୀଵ =

ଵ

௧మ

• 𝔼 𝐹 𝑎∗ = ∑ ℙ 𝐿௧
஼஻ 𝑎∗ ≥ 𝜇 𝑎∗ஶ

௧ୀଵ ≤ ∑
ଵ

௧మ
ஶ
௧ୀଵ ≤

గమ

଺

ℓଵ,௔∗, ℓଶ,௔∗, ℓଷ,௔∗, …

𝑋ଵ, 𝑋ଶ, 𝑋ଷ, …

𝑁௧ିଵ(𝑎∗) is a random variable 
dependent on 𝜇̂௧(𝑎∗)!

Hoeffding:

ℙ
1

𝑛
෍ 𝑍௜

௡

௜ୀଵ

− 𝜇 ≥
ln

1
𝛿

2𝑛
≤ 𝛿

Δ(a)

3 ln 𝑡

2𝑁௧ିଵ 𝑎

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎

𝜇(𝑎∗) 𝜇 𝑎𝐿௧
஼஻(𝑎∗) 𝜇̂௧ିଵ(𝑎)𝐿௧

஼஻(a)𝜇̂௧ିଵ(𝑎∗)

0 1



Proof summary

• 𝑅ത௧ 𝑎 = ∑ Δ(𝑎)𝔼 𝑁் 𝑎௔

• 𝔼 𝑁் 𝑎 ≤
଺ ୪୬ ்

୼ ௔ మถ
୘୦ୣ ୲୧୫ୣ ୧୲ ୲ୟ୩ୣୱ
୲୦ୣ ୡ୭୬୤୧ୢୣ୬ୡୣ 

୧୬୲ୣ୰୴ୟ୪ ୲୭
ୱ୲ୟ୰୲ ୵୭୰୩୧୬୥

+ 1 +
గమ

଺
+

గమ

଺

୘୦ୣ ୣ୶୮ୣୡ୲ୣୢ ୬୳୫ୠୣ୰

୭୤ ୲୧୫ୣୱ ୡ୭୬୤୧ୢୣ୬ୡୣ
୧୬୲ୣ୰୴ୟ୪ୱ ୤ୟ୧୪

• 𝑅ത் ≤ 6 ∑
୪୬

୼ ௔௔:୼ ௔ வ଴ + 1 +
గమ

ଷ
∑ Δ(𝑎)௔

• Exercise: 
• Take 𝐿௧

஼஻ 𝑎 = 𝜇ො௧ିଵ 𝑎 −
ଶ ୪୬ ௧

ଶே೟షభ ௔
(instead of 𝐿௧

஼஻ 𝑎 = 𝜇ො௧ିଵ 𝑎 −
ଷ ୪୬ ௧

ଶே೟షభ ௔
; i.e. confidence ଵ

௧మ instead ଵ

௧య)

• Show 𝑅ത் ≤ 4 ∑
୪୬

୼ ௔௔:୼ ௔ வ଴ + 2 ln 𝑇 + 3 ∑ Δ(𝑎)௔

Δ(a)

3 ln 𝑡

2𝑁௧ିଵ 𝑎

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

3 ln 𝑡

2𝑁௧ିଵ 𝑎∗

<
3 ln 𝑡

2𝑁௧ିଵ 𝑎

𝜇(𝑎∗) 𝜇 𝑎𝐿௧
஼஻(𝑎∗) 𝜇̂௧ିଵ(𝑎)𝐿௧

஼஻(a)𝜇̂௧ିଵ(𝑎∗)

0 1



LCB algorithm dynamics  (with 𝐿௧
஼஻ 𝑎 = 𝜇̂௧ିଵ 𝑎 −

ଶ ୪୬ ௧

ଶே೟షభ ௔
)

• Confidence interval of the played arm shrinks 
(𝑁௧ିଵ(𝑎) grows)

• Confidence intervals of all other arms grow (ln 𝑡
grows)

• ⇒ all LCBs are roughly at the same level

• Most of the time 𝐿௧
େ୆ 𝑎∗ ≤ 𝜇(𝑎∗)

• 𝑎∗ is played a lot, so 𝐿௧
େ୆ 𝑎∗ is very close to 

𝜇(𝑎∗)

• All other arms are played just enough to keep 
ଶ ୪୬ ௧

ଶே೟షభ ௔
= 𝜃(Δ 𝑎 ), i.e. 𝑁௧ 𝑎 = 𝜃

୪୬

୼ ௔ మ

Losses

Arms𝑎∗ 𝑎′ 𝑎ᇱ′

𝜇(𝑎∗)

𝐿௧
େ୆(𝑎∗)

𝜇(𝑎ᇱ)

𝐿௧
େ୆(𝑎ᇱ) 𝐿௧

େ୆(𝑎ᇱᇱ)

𝜇(𝑎ᇱᇱ)

2 ln 𝑡

2𝑁௧ିଵ 𝑎ᇱᇱ

𝜇̂௧ିଵ 𝑎′

𝜇̂௧ିଵ 𝑎′′

≈ 2
2 ln 𝑡

2𝑁௧ିଵ 𝑎ᇱᇱ



So far

feedbackfull
i.i.d.

adversarial

environmental 
resistance

bandit
Algorithm: FTL

𝑅ത் = 𝑂 ෍
1

Δ 𝑎
௔:୼ ௔ வ଴

not growing with 𝑇

In full info there is no need 
for exploration!

Algorithm: UCB / LCB

𝑅ത் = 𝑂 ෍
ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

ln 𝑇 factor - the cost of exploration

Now we look at this



Prediction with Expert Advice 
(Adversarial full info game)



ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

time

Ex
pe

rt
 L

os
se

s

𝑥ଵ,ଵ 𝑥ଶ,ଵ ⋯ 𝑥௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
𝑥ଵ,௔ 𝑥ଶ,௔ ⋯ 𝑥௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
𝑥ଵ,௄ 𝑥ଶ,௄ ⋯ 𝑥௧,௄ ⋯

time

Ex
pe

rt
 A

dv
ic

e

Prediction with Expert Advice 
(Adversarial full info game)

• Performance measures

• Regret:

𝑅் = ෍ ℓ௧,஺೟

்

௧ୀଵ

− min
௔

෍ ℓ௧,௔

்

௧ୀଵ

• Expected regret (oblivious setting):

𝔼 𝑅் = 𝔼 ෍ ℓ௧,஺೟

்

௧ୀଵ

− min
௔

෍ ℓ௧,௔

்

௧ୀଵ



General observation

• Deterministic algorithms are not suitable for 
adversarial environments

• Why?
• What deterministic algorithms have we seen so far?

• We need to randomize

• Playing uniformly at random will not work

• We need to balance between randomizing and 
giving preference to better actions

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

time

Ex
pe

rt
 L

os
se

s



Algorithm for adversarial full info: 
Hedge / Exponential weights

• ∀𝑎: 𝐿଴(𝑎) = 0

• For 𝑡 = 1, 2, …

• ∀𝑎: 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• 𝐴௧ ∼ 𝑝௧

• [Observe ℓ௧,ଵ, … , ℓ௧,௄]
• ∀𝑎: 𝐿௧(𝑎) = 𝐿௧ିଵ(𝑎) + ℓ௧,௔

• Some intuition:
• In the early versions 𝑝௧ 𝑎 ∝ 𝑝௧ିଵ 𝑎 1 − 𝜀 ℓ೟,ೌ

• ℓ௧,௔ ∈ {0,1}

• In Hedge: 𝑝௧ 𝑎 ∝ 𝑝௧ିଵ 𝑎 𝑒ିఎ೟ℓ೟,ೌ



Numerically stable calculation of 𝑝௧

• 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• For large 𝑡, 𝐿௧ିଵ 𝑎 can be large and 𝑒ିఎ೟௅೟షభ ௔ numerically become zero, 
leading to ଴

଴
numerical instability

• Remedy:

•
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

=
௘

షആ೟ ಽ೟షభ ೌ షౣ౟౤
ೌᇲᇲ

ಽ೟షభ ೌᇲᇲ

∑ ௘
షആ೟ ಽ೟షభ ೌᇲ షౣ౟౤

ೌᇲᇲ
ಽ೟షభ ೌᇲᇲ

ೌᇲ

• In the expression on the right the denominator is at least 1, resolving numerical 
instability



Analysis

• Lemma: For any sequence of non-negative ℓ௧,௔ and 𝑝௧ 𝑎 as in Hedge

෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝐿் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ

• Corollary: 𝔼 𝑅் ≤
୪୬

ఎ
+

ఎ

ଶ
𝑇

• Take 𝜂 =
ଶ ୪୬ ௄

்
, then  𝔼 𝑅் ≤ 2𝑇 ln 𝐾

𝑝௧(𝑎) =
𝑒ିఎ೟௅೟షభ ௔

∑ 𝑒ିఎ೟௅೟షభ ௔ᇲ

௔ᇲ

The best loss
in hindsightThe expected loss 

of Hedge at round 𝑡

The expected loss of 
Hedge

The expected regret of Hedge 𝔼[𝑅்]

≤ 1

≤ 1

≤ 𝑇



Proof of the lemma

• Define 𝑊௧ = ∑ 𝑒ିఎ௅೟(௔)
௔

ௐ೟

ௐ೟షభ
=

∑ ௘షആಽ೟ ೌ
ೌ

∑ ௘షആಽ೟షభ ೌᇲ

ೌᇲ

= ∑ 𝑒ିఎℓ೟,ೌ
௔

௘షആಽ೟షభ ೌ

∑ ௘షആಽ೟షభ ೌᇲ

ೌᇲ

௣೟ ௔

= ∑ 𝑒ିఎℓ೟,ೌ
௔ 𝑝௧ 𝑎

≤ ∑ 1 − 𝜂ℓ௧,௔ +
ଵ

ଶ
𝜂ଶ ℓ௧,௔

ଶ
𝑝௧ 𝑎௔

= 1 − 𝜂 ∑ ℓ௧,௔𝑝௧(𝑎)௔ +
ఎమ

ଶ
∑ ℓ௧,௔

ଶ
𝑝௧(𝑎)௔

≤ 𝑒ିఎ ∑ ℓ೟,ೌ௣೟(௔)ೌ ା
ആమ

మ
∑ ℓ೟,ೌ

మ
௣೟(௔)ೌ

𝑒௫

𝑥 + 1

1 + 𝑥 +
1

2
𝑥ଶ

• For 𝑥 ≤ 0:

𝑒௫ ≤ 1 + 𝑥 +
1

2
𝑥ଶ

• For any 𝑥:
1 + 𝑥 ≤ 𝑒௫

𝑝௧(𝑎) =
𝑒ିఎ೟௅೟షభ ௔

∑ 𝑒ିఎ೟௅೟షభ ௔ᇲ

௔ᇲ

෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝐿் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ



Proof continued

𝑊்

𝑊଴
=

𝑊ଵ

𝑊଴

𝑊ଶ

𝑊ଵ

𝑊ଷ

𝑊ଶ
…

𝑊்

𝑊்ିଵ
 ≤ 𝑒ିఎ ∑ ∑ ℓ೟,ೌ௣೟ ௔ೌ

೅
೟సభ ା

ఎమ

ଶ
∑ ∑ ℓ೟,ೌ

మ
௣೟ ௔ೌ

೅
೟సభ  

𝑊்

𝑊଴
=

∑ 𝑒ିఎ௅೅ ௔
௔

𝐾
≥

max
௔

𝑒ିఎ௅೅ ௔

𝐾
=

𝑒
ିఎ ୫୧୬

ೌ
௅೅ ௔

𝐾

Put the two sides together, take a logarithm and normalize by 𝜂:

෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝐿் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ ෍ 𝑝௧ 𝑎 ℓ௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ

𝑊௧ = ෍ 𝑒ିఎ௅೟(௔)

௔

𝑊௧

𝑊௧ିଵ
≤ 𝑒ିఎ ∑ ℓ೟,ೌ௣೟(௔)ೌ ା

ఎమ

ଶ
∑ ℓ೟,ೌ

మ
௣೟(௔)ೌ



Full information lower bound

• Lemma

lim
்→ஶ

lim
௄→ஶ

𝑇
2

− 𝔼 min
௔

𝐿் 𝑎

1
2

𝑇 ln 𝐾

 = 1

• In the limit of large 𝑇 and 𝐾:

்

ଶ
− 𝔼 min

௔
𝐿் 𝑎 ≈

ଵ

ଶ
𝑇 ln 𝐾

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௜ ℓଶ,௜ ⋯ ℓ௧,௜ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

         

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)

time

Ex
pe

rt
 L

os
se

s ∀𝑎:  𝔼 𝐿் 𝑎 =
𝑇

2

𝔼 ෍ ℓ௧,஺೟

்

௧

=
𝑇

2

𝔼 ෍ ℓ௧,஺೟

்

௧

𝔼 𝑅்

Complexity of the competitor
(Amount of selection)



Summary

• Hedge:

• 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• Analysis:
• Evolution of the potential 

function 𝑊௧ = ∑ 𝑒ିఎ௅೟(௔)
௔

• Matching upper and lower 
bounds 𝔼 𝑅் = 𝜃 𝑇 ln 𝐾

feedbackfull
i.i.d.

adversarial

environmental 
resistance

bandit
Algorithm: FTL

𝑅ത் = 𝑂 ෍
1

Δ 𝑎
௔:୼ ௔ வ଴

Algorithm: UCB / LCB

𝑅ത் = 𝑂 ෍
ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

𝔼 𝑅் ≤ 𝑂 𝑇 ln 𝐾

Complexity of the 
competitor class

Fluctuations

Now we 
look at 
this



Adversarial Bandits



Adversarial bandits

• Performance measures

• Regret:

𝑅் = ෍ ℓ௧,஺೟

்

௧ୀଵ

− min
௔

෍ ℓ௧,௔

்

௧ୀଵ

• Expected regret (oblivious setting):

𝔼 𝑅் = 𝔼 ∑ ℓ௧,஺೟
்
௧ୀଵ − min

௔
∑ ℓ௧,௔

்
௧ୀଵ

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௜ ℓଶ,௜ ⋯ ℓ௧,௜ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

time

Ex
pe

rt
 L

os
se

s



Algorithm for adversarial bandits: EXP3
(Exponential Exploration Exploitation)

Hedge → EXP3

• ∀𝑎: 𝐿଴(𝑎) = 0

• For 𝑡 = 1, 2, …

• ∀𝑎: 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• 𝐴௧ ∼ 𝑝௧

• [Observe ℓ௧,ଵ, … , ℓ௧,௄]
• [Observe ℓ௧,஺೟

]
• ∀𝑎: 𝐿௧(𝑎) = 𝐿௧ିଵ(𝑎) + ℓ௧,௔

• ∀𝑎: 𝐿௧(𝑎) = 𝐿௧ିଵ(𝑎) +
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• Importance-weighted loss 
estimate

ℓ෨௧,௔ =
ℓ௧,௔𝕝 𝐴௧ = 𝑎

𝑝௧(𝑎)

• Defined for all 𝑎



Properties of importance-weighted samples ℓ෨௧,௔ =
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• Not independent!
• ℓ෨௧,ଵ, … ℓ෨௧,௄ are dependent (only one is nonzero)
• 𝑝௧(𝑎) is a random variable dependent on 𝐴ଵ, … , 𝐴௧ିଵ

• ℓ෨௧,௔ is an unbiased estimate of ℓ௧,௔ (meaning 𝔼 ℓ෨௧,௔ = ℓ௧,௔)

𝔼 ℓ෨௧,௔ = 𝔼
ℓ௧,௔𝕝 𝐴௧ = 𝑎

𝑝௧ 𝑎

= ℓ௧,௔𝔼
𝕝 ஺೟ୀ௔

௣೟ ௔

= ℓ௧,௔𝔼୅భ,…,஺೟షభ

ଵ

௣೟ ௔
𝔼஺೟

𝕝 𝐴௧ = 𝑎 Aଵ, … , 𝐴௧ିଵ

= ℓ௧,௔𝔼୅భ,…,஺೟షభ

ଵ

௣೟ ௔
𝑝௧(𝑎)

= ℓ௧,௔

• ℓ௧,௔ ∈ 0,1   ⇒    ℓ෨௧,௔ ∈ 0,
ଵ

௣೟ ௔



Properties continued
ℓ෨௧,௔ =

ℓ௧,௔𝕝 𝐴௧ = 𝑎

𝑝௧(𝑎)

• The second moment of ℓ෨௧,௔ is 
considerably smaller than the 
second moment of a general 
random variable with the same 
range:

𝔼 ℓ෨௧,௔
ଶ

= 𝔼
ℓ௧,௔𝕝 𝐴௧ = 𝑎

𝑝௧ 𝑎

ଶ

= 𝔼
ℓ೟,ೌ

మ

ರభ

𝕝 ஺೟ୀ௔
మ

స𝕝 ಲ೟సೌ

௣೟ ௔ మ

≤ 𝔼
𝕝 ஺೟ୀ௔

௣೟ ௔ మ

= 𝔼
ଵ

௣೟ ௔

• “The bandit magic”:

𝔼 ෍ 𝑝௧ 𝑎 ℓ෨௧,௔
ଶ

 

௔

≤ 𝔼 ∑ 𝑝௧ 𝑎௔
ଵ

௣೟ ௔

= 𝐾

0 1 1

𝑝௧(𝑎)

𝔼 ℓ෨௧,௔



Importance weighted sampling - summary

• ℓ෨௧,௔ =
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• Defined for all 𝑎

• Unbiased estimates of the losses: 𝔼 ℓ෨௧,௔ = ℓ௧,௔

• Dependent

• Large range ℓ෨௧,௔ ∈ 0,
ଵ

௣೟ ௔

• Second moment proportional to the range 𝔼 ℓ෨௧,௔
ଶ

≤ 𝔼
ଵ

௣೟ ௔

• rather than the square of the range

• The bandit magic: 𝔼 ∑ 𝑝௧ 𝑎 ℓ෨௧,௔
ଶ

 ௔ ≤ 𝐾

0 1 1

𝑝௧(𝑎)

𝔼 ℓ෨௧,௔



EXP3: Expected regret bound

• By the Hedge lemma (ℓ෨௧,௔ satisfy ℓ෨௧,௔ ≥ 0):

෍ ෍ 𝑝௧ 𝑎 ℓ෨௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝐿෨் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ ෍ 𝑝௧ 𝑎 ℓ෨௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ

• Taking expectations on both sides:

෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− 𝔼 min
௔

𝐿෨் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ෨௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ

• 𝔼 min[⋅] ≤ min 𝔼 ⋅  :

෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝔼 𝐿෨் 𝑎
ୀ௅೅(௔)

≤
ln 𝐾

𝜂
+

𝜂

2
෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ෨௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ



Expected regret bound

෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ௧,௔

௄

௔ୀଵ

்

௧ୀଵ

− min
௔

𝐿் 𝑎 ≤
ln 𝐾

𝜂
+

𝜂

2
෍ 𝔼 ෍ 𝑝௧ 𝑎 ℓ෨௧,௔

ଶ
௄

௔ୀଵ

்

௧ୀଵ

• Expected regret bound:

𝔼 𝑅் ≤
ln 𝐾

𝜂
+

𝜂

2
𝐾𝑇

• Optimize with respect to 𝜂: 

• 𝜂 =
ଶ ୪୬ ௄

௄்

• 𝔼 𝑅் ≤ 2𝐾𝑇 ln 𝐾

Best in hindsight
Expected loss at round 𝑡

Expected loss of EXP3

Expected regret

≤ 𝐾

≤ 𝐾𝑇



Algorithm’s dynamics

EXP3:

• ∀𝑎: 𝐿଴(𝑎) = 0

• For 𝑡 = 1, 2, …

• ∀𝑎: 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• 𝐴௧ ∼ 𝑝௧

• [Observe ℓ௧,஺೟
]

• ∀𝑎: 𝐿௧(𝑎) = 𝐿௧ିଵ(𝑎) +
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• Algorithm’s dynamics ensures 
exploration! 𝑡

𝐿௧(𝑎)



Lower bound for adversarial bandits

• At least one action is played at 
most 𝑇/𝐾 times

• For that action it is impossible to 
distinguish between 𝐵𝑒𝑟 1/2
and 𝐵𝑒𝑟 1/2 − 1/ 𝑇/𝐾 =

𝐵𝑒𝑟 1/2 − 𝐾/𝑇

• 𝔼 𝑅் ≥ 𝑇 𝐾/𝑇 = 𝐾𝑇

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

         

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)

G
am

e 
0

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

         

∼ 𝐵𝑒𝑟(1/2 − 𝜀)
⋮

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)

G
am

e 
1

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

         

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2)
⋮

∼ 𝐵𝑒𝑟(1/2 − 𝜀)

G
am

e 
𝐾

⋮



Summary

feedbackfull

i.i.d.

adversarial

environmental 
resistance

bandit

𝑅ത் = 𝑂 ෍
ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

𝔼 𝑅் = 𝑂 𝑇 ln 𝐾
𝔼 𝑅் = 𝑂 𝐾𝑇 ln 𝐾

Complexity of the competitor class
weighted second 

monent of 
importance-weighted 

estimates

Can be removed with another algorithm
(but the complexity will come back soon)

𝑅ത் = 𝑂 ෍
1

Δ 𝑎
௔:୼ ௔ வ଴



Contextual Bandits



Contextual Bandits

feedbackfull

i.i.d.

adversarial

environmenta
l resistance

contextual
Markov Decision 
Processes 
(MDP)

bandit
stateless

structural complexity



Version #1: Bandits with Expert Advice

Game definition:
• For 𝑡 = 1, 2, …

• Observe advice of 𝑁 experts 𝑞௧,ଵ, … , 𝑞௧,ே
• where 𝑞௧,௛ is a distribution on actions {1, … , 𝐾}

• Play an action 𝐴௧

• Suffer and observe ℓ௧,஺೟

Performance measure – regret:

𝑅் = ෍ ℓ௧,஺೟

்

௧ୀଵ

୐୭ୱୱ ୭୤ ୲୦ୣ
ୟ୪୥୭୰୧୲୦୫

− min
௛

෍ ෍ 𝑞௧,௛ 𝑎 ℓ௧,௔

௔

்

௧ୀଵ

୉୶୮ୣୡ୲ୣୢ ୪୭ୱୱ ୭୤ 
ୣ୶୮ୣ୰୲ ௛

Deterministic 𝑞௧,௛ models a path through loss matrix

𝑞ଵ,ଵ 𝑞ଶ,ଵ ⋯ 𝑞௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
𝑞ଵ,௛ 𝑞ଶ,௛ ⋯ 𝑞௧,௛ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
𝑞ଵ,ே 𝑞ଶ,ே ⋯ 𝑞௧,ே ⋯

time

Ex
pe

rt
 A

dv
ic

e 
-𝑁

ℓଵ,ଵ ℓଶ,ଵ ⋯ ℓ௧,ଵ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௔ ℓଶ,௔ ⋯ ℓ௧,௔ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
ℓଵ,௄ ℓଶ,௄ ⋯ ℓ௧,௄ ⋯

time

Ac
tio

ns
 -

𝐾



Algorithm: EXP4
(Exponential Exploration Exploitation with Expert Advice)

• ∀ℎ: 𝐿෨଴(ℎ) = 0

• For 𝑡 = 1, 2, …
• ∀𝑎: 𝑝௧(𝑎) = ∑ 𝑞௧,௛(𝑎)

୅ୢ୴୧ୡୣ

௛
௘షആ೟ಽ෩೟షభ ೓

∑ ௘షആ೟ಽ෩೟షభ ೓ᇲ

೓ᇲ

୛ୣ୧୥୦୲ ୭୤
ୣ୶୮ୣ୰୲ ௛

• 𝐴௧ ∼ 𝑝௧

• [Observe ℓ௧,஺೟
]

• ∀𝑎: ℓ෨௧,௔ =
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• ∀ℎ: ℓ෨௧,௛ = ∑ 𝑞௧,௛(𝑎)௔ ℓ෨௧,௔

• ∀ℎ: 𝐿෨௧(ℎ) = 𝐿෨௧ିଵ(ℎ) + ℓ෨௧,௛

• EXP4 Expected regret upper bound:

𝔼 𝑅் ≤ 2𝐾𝑇 ln 𝑁

• A different algorithm (based on 
regularization achieving 𝑂 𝐾𝑇
regret in stateless bandits) achieves

𝔼 𝑅் = 𝑂 𝐾𝑇 ln∗

𝑁

𝐾

• And there is a matching lower bound

Price of 
bandit 

feedback

Complexity of 
the 

comparator 
class

ln∗ 𝑥 = max 1, ln 𝑥



Possible application

• The experts are various prediction algorithms and/or various 
parametrizations of the same prediction algorithm

• EXP4 can be used to weigh the predictions and achieve 
performance converging to performance of the best expert in the 
set

• No assumptions on stationarity (i.i.d.-ness) of the data stream!



Version #2: Bandits with side information

Game definition:
• For 𝑡 = 1, 2, …

• Observe side info (state) 𝑆௧

• Play an action 𝐴௧

• Suffer and observe ℓ(𝐴௧, 𝑆௧)

Regret: 

𝑅் = ෍ ℓ௧

்

௧ୀଵ

𝐴௧, 𝑆௧

୐୭ୱୱ ୭୤ ୲୦ୣ 
ୟ୪୥୭୰୧୲୦୫

− ෍ min
௔

෍ ℓ௧ 𝑎, 𝑠

௧:ௌ೟ୀ௦

୐୭ୱୱ ୭୤ ୲୦ୣ ୠୣୱ୲ ୟୡ୲୧୭୬
୧୬ ୦୧୬ୢୱ୧୥୦୲ ୧୬ ୱ୲ୟ୲ୣ ୱ

௦∈𝒮

୘୭୲ୟ୪ ୪୭ୱୱ ୟୱୱ୳୫୧୬୥ ୲୦ୣ ୠୣୱ୲
ୟୡ୲୧୭୬ ୧୬ ୦୧୬ୢୱ୧୥୦୲ ୧୬ ୣୟୡ୦ ୱ୲ୟ୲ୣ

• Regret upper bound:
• Run the optimal 𝑂 𝐾𝑇 bandit algorithm in each state
• 𝑇௦ - the number of times state 𝑠 appears in the sequence

𝔼 𝑅் ≤ ෍ 𝑂 𝐾𝑇௦

௦∈𝒮

≤ 𝑂 𝒮 𝐾𝑇/ 𝒮 = 𝑂 𝐾𝑇 𝒮

• Lower bound:
• Construct |𝒮| independent worst-case bandits played 

𝑇/|𝒮| times each

𝔼 𝑅் = Ω |𝒮|ด
#(௕௔௡ௗ௜௧௦)

𝐾𝑇/ 𝒮
௥௘௚௥௘௧ ௢௙

௘௔௖௛ ௕௔௡ௗ௜௧

= Ω 𝐾𝑇 𝒮

• 𝒮 - structural complexity



Summary – Contextual Bandits

• Bandits with Expert Advice
• EXP4 algorithm

• 𝑝௧(𝑎) = ∑ 𝑞௧,௛(𝑎)

୅ୢ୴୧ୡୣ

௛
௘షആ೟ಽ෩೟షభ ೓

∑ ௘షആ೟ಽ෩೟షభ ೓ᇲ

೓ᇲ

୛ୣ୧୥୦୲ ୭୤
ୣ୶୮ୣ୰୲ ௛

• 𝔼 𝑅் ≤ 2𝐾𝑇 ln 𝑁

• Optimal algorithm: 𝔼 𝑅் = 𝜃 2𝐾𝑇 ln∗
ே

௄

• Application: meta-selection/tuning of algorithms 

• Bandits with side information
• 𝔼 𝑅் = 𝜃 𝐾𝑇 𝒮

feedbackfull
i.i.d.

adversarial

environmenta
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Evaluation of Bandit Algorithms



Evaluation of bandit algorithms in practice

• Challenge: previously unobserved actions or (state,action) pairs

• Deployment
• Risky and time-consuming

• Environment simulation
• Requires a good simulator

• This may be very hard or even impossible to produce
• If we have a good simulator, we probably already have a solution to the problem



Evaluation of bandit algorithms in practice

• Offline evaluation for i.i.d. problems
1. Use full information data where possible and relevant
2. “Importance-weighting” of logged limited feedback data

• Requires randomized sampling in the logging policy with non-zero probability for 
taking all the (potentially relevant) actions

• Requires logging the sampling distribution (to do importance-weighting)

• Variance of the estimates scales with ଵ

௣ౢ౥ౝౝ౟౤ౝ(௔)

• So for every potentially relevant action 𝑝୪୭୥୥୧୬୥(𝑎) should not be too small
• Exercise: experiment with this approach!

• Evaluation in the adversarial regime
• Generally impossible
• Sparring



Alternative algorithms for bandits



Alternative algorithms for i.i.d. bandits

• UCB-style algorithms
• kl-UCB (based on kl inequality)
• UCB-V (based on Empirical Bernstein or Unexpected Bernstein inequality)

• Thompson sampling (Bayesian approach)

• Subsampling

• Best-of-both-worlds algorithms



Variations of EXP3 – high probability regret bound

• EXP3

• 𝑝௧(𝑎) =
௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• ℓ෨௧,௔ =
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟ ௔

• 𝔼 𝑅் = 𝑂 𝐾𝑇 ln 𝐾

• EXP3-IX: high-probability regret guarantee
• ℓ෨௧,௔ =

ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟ ௔ ା
ആ೟
మ

• ℙ 𝑅் ≥ 𝑂 𝐾𝑇 ln 𝐾 ln
ଵ

ఋ
≤ 𝛿



෍
1

𝑡
≤ 2 𝑇

்

௧ୀଵ

෍
1

𝑡

்

௧ୀଵ

≤ 1 + ln 𝑇

෍
1

𝑡Δ 𝑎 ଶ

்

௧ୀଵ

≤
1 + ln 𝑇

Δ 𝑎 ଶ

Variations of EXP3 – best-of-both-worlds

• EXP3
• 𝑝௧(𝑎) =

௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

• ℓ෨௧,௔ =
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟ ௔

• 𝔼 𝑅் = 𝑂 𝐾𝑇 ln 𝐾

• EXP3++: best-of-both-worlds
• 𝑝෤௧ 𝑎 = 1 − ∑ 𝜀௧ 𝑎௔ 𝑝௧ 𝑎 + 𝜀௧(𝑎)

• 𝜀௧ 𝑎 = 𝜃
୪୬

௧ ୼෡೟ ௔ మ , where Δ෡௧ 𝑎 is a lower confidence bound on the gap

• 𝔼 𝑅் = 𝑂 𝐾𝑇 ln 𝐾

• 𝑅ത் = 𝑂 ∑
୪୬ మ

୼ ௔௔:୼ ௔ வ଴



Adversarial bandits: alternative regularization

• EXP3
• 𝑝௧ =

௘షആ೟ಽ೟షభ ೌ

∑ ௘షആ೟ಽ೟షభ ೌᇲ

ೌᇲ

= arg min
௣

𝑝, 𝐿௧ିଵ +
ଵ

ఎ೟
∑ 𝑝௔ ln 𝑝௔௔

ୖୣ୥୳୪ୟ୰୧୸ୟ୲୧୭୬
୒ୣ୥ୟ୲୧୴ୣ ୣ୬୲୰୭୮୷

• Tsallis-INF – the ultimate algorithm: Best-of-both-worlds and minimax 
optimal

• 𝑝௧ = arg min
௣

𝑝, 𝐿௧ିଵ −
ଵ

ఎ೟
∑ 𝑝௔௔

ୖୣ୥୳୪ୟ୰୧୸ୟ୲୧୭୬
୘ୱୟ୪୪୧ୱ ୣ୬୲୰୭୮୷

• Adversarial: 𝔼 𝑅் = 𝑂 𝐾𝑇

• I.I.D.: 𝑅ത் = 𝑂 ∑
୪୬

୼ ௔௔:୼ ௔ வ଴

𝑝, 𝐿௧ିଵ = ෍ 𝑝௔𝐿௧ିଵ(𝑎)

௔



Tsallis-INF
[Zimmert & Seldin, JMLR 2021; Masoudian & Seldin, COLT 2021; Ito, COLT 2021]

Tsallis-INF Algorithm:
• ∀𝑎: 𝐿෠଴ 𝑎 = 0

• For 𝑡 = 1, 2, …

• ∀𝑎: 𝑝௧(𝑎) = arg min
௣∈୼಼షభ

𝐿෠௧, 𝑝 −
ଵ

ఎ೟
∑ 𝑝 𝑎ᇱ

௔ᇲ

• 𝐴௧ ∼ 𝑝௧

• ∀𝑎: 𝐿෠௧(𝑎) = 𝐿෠௧ିଵ(𝑎) +
ℓ೟,ೌ𝕝 ஺೟ୀ௔

௣೟(௔)

• Observation: 𝑝௧ 𝑎∗ = 1 − ∑ 𝑝௧(𝑎)௔ஷ௔∗

𝑅ത் ≤ 𝑐 ෍
1

𝑡
𝔼 ෍ 𝑝௧ 𝑎

௔ஷ௔∗

்

௧ୀଵ

= 𝑂 𝐾𝑇

• Self-bounding analysis: 
If 𝑅ത் = ∑ ∑ Δ 𝑎 𝔼 𝑝௧ 𝑎௔

்
௧ୀଵ then

𝑅ത் = 2𝑅ത் − ෍ ෍ Δ 𝑎 𝔼 𝑝௧ 𝑎

௔ஷ௔∗

்

௧ୀଵ

≤ ∑ 𝔼 ∑
ଶ௖ ௣೟ ௔

௧
− Δ 𝑎 𝑝௧ 𝑎௔ஷ௔∗

்
௧ୀଵ

≤ ∑ ∑
௖ᇲ

௧୼ ௔௔ஷ௔∗
்
௧ୀଵ = 𝑂 ∑

୪୬

୼ ௔௔ஷ௔∗

• Original analysis [Audibert & Bubeck, COLT 2009]:

𝑅ത் ≤ 𝑐 ෍
1

𝑡
𝔼 ෍ 𝑝௧ 𝑎

௔

்

௧ୀଵ

= 𝑂 𝐾𝑇



Tsallis-INF – summary
[Zimmert & Seldin, JMLR 2021; Masoudian & Seldin, COLT 2021; Ito, COLT 2021]

• Adversarial: 𝑅ത் = 𝑂 𝐾𝑇

• Stochastic: 𝑅ത் = 𝑂 ∑
୪୬ ்

୼ ௔௔ஷ௔∗

• Bonus: refined regret guarantees in adversarial regimes with (Δ, 𝐶, 𝑇)
self-bounding constraints 𝑅ത் ≥ ∑ ∑ Δ 𝑎 𝔼 𝑝௧ 𝑎௔ − 𝐶்

௧

• Stochastically constrained adversarial bandits:
• The gaps Δ(𝑎) are fixed, but the means 𝜇(𝑎) can fluctuate
• 𝑅ത் = ∑ ∑ Δ 𝑎 𝔼 𝑝௧ 𝑎௔

்
௧ୀଵ (the same as in the stochastic bandits)

• 𝑅ത் = 𝑂 ∑
୪୬

୼ ௔௔ஷ௔∗ (the same as in the stochastic bandits)

• Stochastic bandits with adversarial corruptions: 𝑅ത் = 𝑂 ∑
୪୬

୼ ௔௔ஷ௔∗ + 𝐶 ∑
୪୬

୼ ௔௔ஷ௔∗



Tsallis-INF in practice
[Zimmert & Seldin, JMLR, 2021]

Stochastic Regime Stochastically Constrained 
Adversarial Regime

𝐾 = 8, Δ = 0.125 𝐾 = 8, Δ = 0.125



Other Settings
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Reinforcement 
Learning

“Classical” batch ML would be here



Structure forms: (Generalized) Linear Bandits

Linear Bandits:

• 𝑟௧ = 𝐴̅௧, 𝜃̅∗ + 𝜉௧

• 𝐴̅௧ ∈ 𝒟௧

• Special cases:
• 𝒟 = 1,0, … , 0 , … , 0, … , 0,1 - multiarmed bandits
• 𝒟௧ = 𝜙 𝑐௧, 𝑎 : 𝑎 ∈ {1, … , 𝐾} - contextual bandits
• Combinatorial (semi-)bandits:
• Cascading bandits

Generalized Linear Bandits:
• 𝑟௧ = 𝑓 𝐴̅௧, 𝜃̅∗ + 𝜉௧



Feedback forms

• From full to limited: paid observations, decoupled exploration, graph 
feedback, …

• Dueling Bandits
• Relative comparison of pairs arms, but not their true value

• Would you like fish or chicken?
• Very useful for implicit information collection from user feedback

• Ranking
• Selection from a ranked list

• Partial Monitoring
• Separation between observations and losses
• Example: dynamic pricing



Environment forms

• Contaminated stochastic
• Stochastically constrained adversarial



Bandit variations

• Bandits with switching costs
• Recharging/recovering bandits
• Rotting bandits
• Bandits with knapsacks
• ….



Delayed feedback



Alternative objectives

• We have studied regret minimization
• Cumulative loss of actions along the way

• Pure Exploration / Best arm identification / Experiment design
• Find the best action as fast as possible
• Losses along the way are not counted



Summary

feedbackfull

i.i.d.

adversarial

environmental 
resistance

bandit

𝑅ത் = 𝑂 ෍
ln 𝑇

Δ 𝑎
௔:୼ ௔ வ଴

𝔼 𝑅் = 𝑂 𝑇 ln 𝐾
𝔼 𝑅் = 𝑂 𝐾𝑇

Complexity of the competitor class
weighted second 

moment of 
importance-weighted 

estimates

𝑅ത் = 𝑂 ෍
1

Δ 𝑎
௔:୼ ௔ வ଴

contextual

𝔼 𝑅் = 𝜃 2𝐾𝑇 ln∗

𝑁

𝐾



Summary – key techniques covered

• i.i.d.
• Optimism + confidence intervals

• Adversarial
• Randomization + regularization
• Analysis based on evolution of potential functions
• Importance-weighting to cope with limited feedback
• Best-of-both-worlds results for i.i.d. by using self-bounding!



Summary

• An infinite world of exciting problem formulations

• Further reading + exercises:
• Yevgeny Seldin. Machine Learning – the science of selection under 

uncertainty. https://arxiv.org/abs/2509.21547, 2025. (Chapter 7) 


